
Rules for integrands of the form (a Csc[e + f x])m (b Sec[e + f x])n

1:  a Csce + f x
m
b Sece + f x

n
ⅆx when m + n - 2⩵ 0 ∧ n ≠ 1

Reference: G&R 2.510.3, CRC 334a, A&S 4.3.128b with m + n - 2⩵ 0

Reference: G&R 2.510.6, CRC 334b, A&S 4.3.128a with m + n - 2⩵ 0

◼
Rule: If  m + n - 2 ⩵ 0 ∧ n ≠ 1, then

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

a b a Csce + f x
m-1

b Sece + f x
n-1

f (n - 1)

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

a*b*a*Csce+f*x^(m-1)*b*Sece+f*x^(n-1)f*(n-1) /;

FreeQa,b,e,f,m,n,x && EqQ[m+n-2,0] && NeQ[n,1]



2:  Csce + f x
m
Sece + f x

n
ⅆx when m n m+n

2
 ∈ ℤ

Derivation: Integration by substitution

Basis: If  m n m+n
2
 ∈ ℤ, then 

Csc[e + f x]m Sec[e + f x]n ⩵ 1
f
Subst

1+x2
m+n

2
-1

xm
, x, Tan[e + f x] ∂x Tan[e + f x]

Rule: If  m n m+n
2
 ∈ ℤ, then


Csce + f x

m
Sece + f x

n
ⅆx ⟶

1

f
Subst



1 + x2
m+n

2
-1

xm
ⅆx, x, Tane + f x

◼
Program code:

Intcsce_.+f_.*x_^m_.*sece_.+f_.*x_^n_.,x_Symbol :=

1f*SubstInt[(1+x^2)^((m+n)/2-1)/x^m,x],x,Tane+f*x /;

FreeQe,f,x && IntegersQ[m,n,(m+n)/2]

3:  a Csce + f x
m
Sece + f x

n
ⅆx when n+1

2
∈ ℤ

Derivation: Integration by substitution

Basis: If n-1
2

∈ ℤ, then 

(a Csc[e + f x])m Sec[e + f x]n ⩵ - 1
f an

Subst xm+n-1

-1+ x2

a2


n+1

2

, x, a Csc[e + f x] ∂x(a Csc[e + f x])

Rule: If n+1
2

∈ ℤ, then
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a Csce + f x

m
Sece + f x

n
ⅆx ⟶ -

1

f an
Subst



xm+n-1

-1 +
x2

a2


n+1

2

ⅆx, x, a Csce + f x

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*sece_.+f_.*x_^n_.,x_Symbol :=

-1f*a^n*SubstInt[x^(m+n-1)/(-1+x^2/a^2)^((n+1)/2),x],x,a*Csce+f*x /;

FreeQa,e,f,m,x && IntegerQ[(n+1)/2] && Not[IntegerQ[(m+1)/2] && LtQ[0,m,n]]

Inta_.*sece_.+f_.*x_^m_*csce_.+f_.*x_^n_.,x_Symbol :=

1f*a^n*SubstInt[x^(m+n-1)/(-1+x^2/a^2)^((n+1)/2),x],x,a*Sece+f*x /;

FreeQa,e,f,m,x && IntegerQ[(n+1)/2] && Not[IntegerQ[(m+1)/2] && LtQ[0,m,n]]

4.  a Csce + f x
m
b Sece + f x

n
ⅆx when m > 1

1:  a Csce + f x
m
b Sece + f x

n
ⅆx when m > 1 ∧ n < -1

Reference: G&R 2.510.1

Reference: G&R 2.510.4
◼

Rule: If  m > 1 ∧ n < -1, then

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

-
a a Csce + f x

m-1
b Sece + f x

n+1

f b (m - 1)
+
a2 (n + 1)

b2 (m - 1)
 a Csce + f x

m-2
b Sece + f x

n+2
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

-a*a*Csce+f*x^(m-1)*b*Sece+f*x^(n+1)f*b*(m-1) +

a^2*(n+1)/(b^2*(m-1))*Inta*Csce+f*x^(m-2)*b*Sece+f*x^(n+2),x /;

FreeQa,b,e,f,x && GtQ[m,1] && LtQ[n,-1] && IntegersQ[2*m,2*n]
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Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

b*a*Csce+f*x^(m+1)*b*Sece+f*x^(n-1)f*a*(n-1) +

b^2*(m+1)/(a^2*(n-1))*Inta*Csce+f*x^(m+2)*b*Sece+f*x^(n-2),x /;

FreeQa,b,e,f,x && GtQ[n,1] && LtQ[m,-1] && IntegersQ[2*m,2*n]

2:  a Csce + f x
m
b Sece + f x

n
ⅆx when m > 1

Reference: G&R 2.510.2, CRC 323b, A&S 4.3.127b

Reference: G&R 2.510.5, CRC 323a, A&S 4.3.127a
◼

Rule: If  m > 1, then

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

-
a b a Csce + f x

m-1
b Sece + f x

n-1

f (m - 1)
+
a2 (m + n - 2)

m - 1
 a Csce + f x

m-2
b Sece + f x

n
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_.,x_Symbol :=

-a*b*a*Csce+f*x^(m-1)*b*Sece+f*x^(n-1)f*(m-1) +

a^2*(m+n-2)/(m-1)*Inta*Csce+f*x^(m-2)*b*Sece+f*x^n,x /;

FreeQa,b,e,f,n,x && GtQ[m,1] && IntegersQ[2*m,2*n] && Not[GtQ[n,m]]

Inta_.*csce_.+f_.*x_^m_.*b_.*sece_.+f_.*x_^n_,x_Symbol :=

a*b*a*Csce+f*x^(m-1)*b*Sece+f*x^(n-1)f*(n-1) +

b^2*(m+n-2)/(n-1)*Inta*Csce+f*x^m*b*Sece+f*x^(n-2),x /;

FreeQa,b,e,f,m,x && GtQ[n,1] && IntegersQ[2*m,2*n]
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5:  a Csce + f x
m
b Sece + f x

n
ⅆx when m < -1 ∧ m + n ≠ 0

Reference: G&R 2.510.3, CRC 334a, A&S 4.3.128b

Reference: G&R 2.510.6, CRC 334b, A&S 4.3.128a

Rule: If  m < -1 ∧ m + n ≠ 0, then

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

b a Csce + f x
m+1

b Sece + f x
n-1

a f (m + n)
+

m + 1

a2 (m + n)
 a Csce + f x

m+2
b Sece + f x

n
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_.,x_Symbol :=

b*a*Csce+f*x^(m+1)*b*Sece+f*x^(n-1)a*f*(m+n) +

(m+1)/(a^2*(m+n))*Inta*Csce+f*x^(m+2)*b*Sece+f*x^n,x /;

FreeQa,b,e,f,n,x && LtQ[m,-1] && NeQ[m+n,0] && IntegersQ[2*m,2*n]

Inta_.*csce_.+f_.*x_^m_.*b_.*sece_.+f_.*x_^n_,x_Symbol :=

-a*a*Csce+f*x^(m-1)*b*Sece+f*x^(n+1)b*f*(m+n) +

(n+1)/(b^2*(m+n))*Inta*Csce+f*x^m*b*Sece+f*x^(n+2),x /;

FreeQa,b,e,f,m,x && LtQ[n,-1] && NeQ[m+n,0] && IntegersQ[2*m,2*n]

6:  a Csce + f x
m
b Sece + f x

n
ⅆx when n ∉ ℤ ∧ m + n⩵ 0

◼
Derivation: Piecewise constant extraction

◼
Basis: If  m + n ⩵ 0, then ∂x (a Csc[e+f x])m (b Sec[e+f x])n

Tan[e+f x]n
⩵ 0

Rule: If  n ∉ ℤ ∧ m + n ⩵ 0, then
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 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

a Csce + f x
m
b Sece + f x

n

Tane + f x
n  Tane + f x

n
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

a*Csce+f*x^m*b*Sece+f*x^nTane+f*x^n*IntTane+f*x^n,x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[n]] && EqQ[m+n,0]

7.  a Csce + f x
m
b Sece + f x

n
ⅆx

1:  a Csce + f x
m
b Sece + f x

n
ⅆx when m -

1

2
∈ ℤ ∧ n -

1

2
∈ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x((a Csc[e + f x])m (b Sec[e + f x])n (a Sin[e + f x])m (b Cos[e + f x])n) ⩵ 0

◼
Rule: If m - 1

2
∈ ℤ ∧ n - 1

2
∈ ℤ, then

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

a Csce + f x
m
b Sece + f x

n
a Sine + f x

m
b Cose + f x

n
 a Sine + f x

-m
b Cose + f x

-n
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

a*Csce+f*x^m*b*Sece+f*x^n*a*Sine+f*x^m*b*Cose+f*x^n*Inta*Sine+f*x^(-m)*b*Cose+f*x^(-n),x /;

FreeQa,b,e,f,m,n,x && IntegerQ[m-1/2] && IntegerQ[n-1/2]

Rules for integrands of the form (a csc(e+f x))^m (b sec(e+f x))^n 6



2:  a Csce + f x
m
b Sece + f x

n
ⅆx

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x((a Csc[e + f x])m (b Sec[e + f x])n (a Sin[e + f x])m (b Cos[e + f x])n) ⩵ 0

Rule:

 a Csce + f x
m
b Sece + f x

n
ⅆx ⟶

a2

b2
a Csce + f x

m-1
b Sece + f x

n+1
a Sine + f x

m-1
b Cose + f x

n+1
 a Sine + f x

-m
b Cose + f x

-n
ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*sece_.+f_.*x_^n_,x_Symbol :=

a^2/b^2*a*Csce+f*x^(m-1)*b*Sece+f*x^(n+1)*a*Sine+f*x^(m-1)*b*Cose+f*x^(n+1)*

Inta*Sine+f*x^(-m)*b*Cose+f*x^(-n),x /;

FreeQa,b,e,f,m,n,x && NotSimplerQ[-m,-n]

Inta_.*sece_.+f_.*x_^m_*b_.*csce_.+f_.*x_^n_,x_Symbol :=

a^2/b^2*a*Sece+f*x^(m-1)*b*Csce+f*x^(n+1)*a*Cose+f*x^(m-1)*b*Sine+f*x^(n+1)*

Inta*Cose+f*x^(-m)*b*Sine+f*x^(-n),x /;

FreeQa,b,e,f,m,n,x
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